Introduction.
In 1991, Bremner [1] claimed to have found all solutions in integers of quartic number fields to the diophantine equation xyz = x + y + z = 1. He presented an elegant and insightful method for finding these solutions along with an explicit list of solutions. Unfortunately, because of an error in the application of the method, the list was not complete. In this work, we summarize his method, explain the oversight, and complete the process of determining an exhaustive list of solutions. Our main result is the following theorem. is solvable with x, y, z ∈ O k , the ring of integers of a quartic number field k, in precisely the following instances, up to permutation of x, y, and z:
If we let θ be either square root of t 2 + 4, t ∈ Z, then 2x = t + θ,
4. If we let φ be either square root of t 2 − 4, t ∈ Z, then
5. If we let ψ be a fixed root of
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In part 3, t = 0 yields parts 1 and 2. In part 4, each of t = 0 and t = 2 yields part 1 and t = −2 yields part 2. Otherwise, there is no overlap between the parts.
The first two parts follow from [2] , in which xyz = x+y+z was considered over quadratic fields. Part 3 is new and the remaining two parts were found by Bremner (though in different forms).
Finding solutions.
In [1] , Bremner presented a new method for solving equation (1) over the ring of integers of a cubic or quartic number field k. We begin by summarizing his method with k a quartic field.
First note that x, y, and z must all be units and that at least one of them, say x, must have norm 1. Letting X = 1/x and Y = (x + 2y − 1)/x, Bremner obtained a point (X, Y ) with X, Y ∈ O k , on the elliptic curve
Conversely, any point (X, Y ) on E with X, Y ∈ O k and X a unit gives rise to a solution to equation (1) , specifically
For an arbitrary point P = (X, Y ) on E with X, Y ∈ O k and X a unit, Bremner considered the cubic curve through P and its three other Q-conjugates:
Herein lies Bremner's first mistake. He overlooked the possibility that X might not have four distinct conjugates. It is quite reasonable to assume that X and Y are not both in a proper subfield of k, since all such solutions have already been described. The missing case is that where X is quadratic over Q while Y is quartic. For this, the four conjugates of P lie on a pair of lines:
(dy)
We find all solutions arising from this missing case in Section 3 of this paper. Continuing with Bremner's work, assuming that X is quartic over Q, equations (2) and (4) intersect in nine points in projective space. Four of these points are P and its other conjugates, and at least three of these points are at o. We will denote the two remaining points by (x 1 , y 1 ) and (x 2 , y 2 ).
Bremner first proved that there cannot be a fourth point of intersection at o and that if x 1 , y 1 , x 2 , y 2 ∈ Q, then x 1 = x 2 = 0. This led to the special cases of t = 1 in parts 4 and 5 of Theorem 1.
It remained to consider the case where x 1 , y 1 , x 2 , y 2 lie in a quadratic number field, but are not all rational. In [1, Lemma 1], Bremner proved that any such point (x, y) ∈ E satisfies x ∈ Q − {0} or x 2 + m(m − 1)x + m = 0, for some m ∈ Q − {0}. He then showed that x 1 , x 2 ∈ Q − {0} leads to a contradiction. Since x 1 and x 2 are Q-conjugates, they are therefore the two roots of x 2 + m(m − 1)x + m = 0, for some m ∈ Q − {0}.
Eliminating y from equations (2) and (4) 
(px
. It follows easily that m = u/p for some u ∈ Z − {0}, but here Bremner erroneously assumed that u and p must be relatively prime. By equating coefficients in (5) and considering possible factors of p, Bremner proved that p = 1 or 2. Using the incorrect assumption that (p, u) = 1, he concluded that p = 1. We will complete the missed case of p = 2 at the end of this section.
For p = 1, Bremner completed a complicated series of computations and deductions leading to the following solutions with α = ±1:
It follows immediately from the fact that each of these is an element of Z that u must be odd. If we let t = 1 − u and α = ±1, then
The first yields the solutions with even values of t in part 5 of Theorem 1, with f (x) the minimal polynomial of ψ. The second yields the solutions with even values of t in part 4 of Theorem 1, with f (x) the minimal polynomial of 1/y (and 1/z).
Bremner, however, erroneously expanded the domain of u from the set of all odd integers to include all values in Z for which f (x) is irreducible.
(Note that for even values of u, r and s are nonintegers.) This masked the error of assuming that p = 2 by retrieving the otherwise missing solutions. We illustrate this by evaluating the omitted case of p = 2.
Our starting point is equation (5) with m = u/p, u ∈ Z, and p = 2. Equating coefficients yields the following equations:
From (12) it follows that u is even. This with (11) implies that q is even. If s were even, then by (7), d is even and, using (9), r is even. But then (p, q, r, s, d) > 1, a contradiction. Hence s is odd. Let u , q , s ∈ Z such that u = 2u , q = 2q , and s = 2s + 1. Successively using (7) to eliminate d 2 , (12) to eliminate a, (11) to eliminate b, (10) to eliminate c, and (8) to eliminate r, yields
Setting the second factor equal to zero and reducing modulo 2 shows that u must be odd. Then reducing the same equation modulo 4 yields a contradiction.
Setting the first factor equal to zero and reducing modulo 2 shows that u must be even. Solving for 2s yields
So 1/(q + u − u 2 ) ∈ Z and therefore q + u − u 2 = ±1. So q = u 2 − u + α with u even and nonzero (since u is nonzero) and α = ±1. This yields the following two families of solutions:
Letting t = 1 − u , we get the same polynomials as in (6) and thus the solutions in parts 4 and 5 of Theorem 1 with odd values of t = 1 (since u = 0). This completes the derivations of parts 4 and 5, for all t ∈ Z.
3. The new solutions. In this section, we determine all points (X, Y ) on E where X and Y are algebraic integers in some quartic field k, X is a unit of norm 1, and X, but not Y , lies is some quadratic subfield of k. This case, which Bremner overlooked, yields two families of solutions to (1), one of which is absent from Bremner's original work.
To find all solutions stemming from this case, note that the minimal polynomial of X over Q is of the form f (x) = x 2 + tx ± 1, with t ∈ Z. This corresponds to X = (−t ± √ t 2 + 4)/2 and X = (−t ± √ t 2 − 4)/2. Solving for Y in (2), and then for x, y, and z in (3), yields the solutions given in parts 3 and 4, respectively, of Theorem 1. (The values of t for which f (x) is reducible give the solutions written explicitly in parts 1 and 2.)
Note that although Bremner missed this case, he did find the solutions in part 4 of Theorem 1. This is easily explained by recalling that any solution can be permuted arbitrarily to obtain additional solutions. Although the x value of these solutions is quadratic over Q, the y and z are both quartic. Therefore, Bremner's method found a permutation of these results, one in which the z is quadratic over Q and x is quartic.
Bremner did not find the solutions in part 3 of Theorem 1, because he assumed that x must be quartic over Q and N k (x) = 1. These two assumptions combined to eliminate the solutions in part 3 and their permutations since x is quadratic with N k (x) = 1 and y and z are quartic of norm −1.
Finally note that the method Bremner presented in [1] is sound; it was in its application that errors were made. Indeed, his method is what enabled us now to determine the complete set of solutions given in Theorem 1.
